We present analytical and numerical investigation of spectral and transport properties of a quadruple quantum-dot (QQD) structure which is one of the popular low-dimensional systems in the context of fundamental quantum physics study, future electronic applications and quantum calculations. The density of states, occupation numbers and conductance of the structure were analyzed using the nonequilibrium Green's functions in the tight binding approach and the equation-of-motion method. In particular the anisotropy of hopping integrals and on-site electron energies as well as the effects of the finite intraand interdot Coulomb interactions were investigated. It was found out that the anisotropy of the kinetic processes in the system leads to the Fano-Feshbach asymmetrical peak. We demonstrated that the conductance of QQD device has a wide insulating band with steep edges separating triple-peak structures if the intradot Coulomb interactions are taken into account. The interdot Coulomb correlations between the central QDs result in the broadening of this band and the occurrence of an additional band with low conductance due to the Fano antiresonances. It was shown that in this case the conductance of the anisotropic QQD device can be dramatically changed by tuning the anisotropy of on-site electron energies.
Introduction
Low-dimensional systems attract significant researchers' attention both with the possibility to study fundamental quantum physics and potential applications in nanoelectronics. One of the basic objects there are quantum dots (QDs). Different, often coexisting, effectively consider the QQD structure as the two-band Hubbard system. Let us remind that usually electron polaron effect (EPE) is present in multiband strongly correlated electron systems with substantially different electron bandwidths such as e.g. uranium based heavy fermion systems and other systems in mixed valence regime [21] [22] [23] [24] which can be described for example by the two-band Hubbard model with one narrow band (in case of sufficiently strong interband Hubbard interaction V ) [25, 26] or Anderson Model (AM) [27] with one-particle hybridization and two-particle Hubbard interaction between s-p electrons of the light band and (heavy) electrons of localized f-d levels. In the two-band Hubbard model EPE is usually connected with the additional polaronic narrowing of the heavy particles bandwidth due to the dressing of the heavy particles in the virtual cloud of soft electron-hole pairs of the light particles. Similarly in the AM the EPE leads to the additional narrowing of the hybridization matrix element t 12 . Note that in the QQD scheme ( fig. 1 ) t 12 corresponds to the electron hopping t 2 from the level in the shallow one-level trap in the left corner of the scheme (1QD) to the deep level in the central trap (3QD) or correspondingly to the (reverse) hopping from the deep level in the central trap (3QD)to the shallow level in the trap (4QD), which is close to the right corner of the scheme at fig. 1 . Consequently in all our calculations we should effectively replace t 2 by t * 2 ≪ t 2 in case of strong EPE produced by large value of V . Thus in numerical analysis we will suppose that the anisotropy is induced by both specific design of the structure and the above-mentioned many body effects.
Note that the physics of EPE is closely connected with the well-known results of Kondo, Nozieres et al on infrared divergences in the description of the Brownian motion of a heavy particle in a Fermi liquid of light particles [28, 29] (see also important results of Yu. Kagan and N.V. Prokof'ev [30, 31] ) as well as with the results on the infrared Mahan type [32] divergences for the problem of X-ray photoemission from the deep electron levels [33] and with famous results of Anderson [34] on the orthogonality catastrophe for the 1D chain of N electrons in the presence of one impurity in the system.
In all the cases both in uranium based heavy fermion systems [25, 26] and in other mixed valence systems such as manganite silicides, for example [35] , EPE in the infinite geometry leads to anomalous resistivity characteristics in 3D and especially in 2D (layered) systems. Note that the manifestations of EPE are also very interesting in the restricted geometry of the microcontact (see the pioneering results of Matveev, Larkin [36] ) when we consider a charge sector of intradot Coulomb correlations [37, 38] and strong interdot Hubbard correlations between electrons (or holes) of deep and shallow level in the central trap (2-and 3QDs). As we will show in this case, actual for the physics of dielectrics and molecularly doped polymers, we should have additional Fano-Feshbach [39, 40] manybody resonances in the tunneling conductance and an effective one-particle density of states for the microcontact. Note that the situation with small number of deep two-level traps randomly distributed between the large number of shallow one-level traps is described in the well-known paper of Bishop's group [41] in connection with the physics of the radiation-induced conductivity (important for space applications) and more standard electron-phonon (or more exactly Holstein type configurational) polaron effects in molecularly doped polymers.
In this article, on the basis of the nonequilibrium Green's function technique and the tight binding approximation we studied spectral and transport characteristics of the QQD structure in which the intra-and interdot Coulomb correlations as well as the anisotropy effects take place. The interdot Coulomb interaction was considered between the QDs in the central part (see fig. 1 ). In order to define the role of the Coulomb interactions in the formation of the transport properties beyond the mean field approximation the decoupling scheme of You and Zheng [42, 43] was adapted.
The paper has been organized in six sections. The model Hamiltonian is described in 
The model Hamiltonian
Let us consider electron quantum transport in the QQD structure depicted at figure   1 . The system consists of three parts which are metallic leads and the structure between them. The Hamiltonian of the system
Vg1 Vg2 Figure 1 . The QQD structure between metallic leads.
The first two terms characterize the leads,
where c + L(R)kσ is the creation operator in the left (right) lead with quantum number k, spin σ and spin-dependent energy ξ kσ = ǫ kσ − µ; µ is the chemical potential of the system. It is supposed that the voltage ±V /2 is applied to the left (right) lead.
The third term describes the QQD structurê
where a jσ annihilates the electron with spin σ and energy ξ jσ = ǫ jσ − µ on the jth QD; t i , i = 0, 1, 2 is a hopping matrix element between the QDs; U is the intensity of the intradot Coulomb interaction; V is the intensity of the interdot Coulomb interaction between the electrons in the central part (the 2nd and 3rd QDs).
The interaction between the leads and the QQD structure is determined by the last
where t L(R) is a hopping matrix element between the left (right) lead and the 1st (4th)
QD. Since the bias voltage is treated exactly it is convenient to perform a unitary trans-
(n Rkσ − n Lkσ ) [44] , to insert it in the tunnel Hamiltonian,
where
t .
Nonequilibrium Green's functions in the tight binding approach
To analyze transport properties of the system we utilize the nonequilibrium Green's functions method in the tight binding approximation [45] [46] [47] . Let us rewrite the Hamil-
The operators P 1 = I 0 and P 4 = 0 I project matrices on the subspace related to the 1st or 4th QD respectively. They consist of the 2 × 2 unitary matrix, I, and the zero block, 0. 
Let us introduce the nonequilibrium matrix Green's functions as
Their time evolution is considered on the Keldysh contour, C. The indexes a, b = +, − denote the branches of the Keldysh contour, C + and C − . Then the current is expressed as
is a mixed lesser Green's function. In the last definition the averaging is made over the states of the system without interaction (7) . As a result the scattering matrix,
pears. Since the Hamiltonian of the device,Ĥ D , is formally the free-particle one, the rules for the second quantization operators can be utilized at the diagrammatic expansion of
Lk,1 (t, t). Hence the current is written as
is the self-energy function characterizing the influence of the left lead on the structure; g ab Lk (τ − τ ′ ) is the one-electron Green's function of the left lead. Taking into account the relations
(the indexes "r, a" mean "retarded" and "advanced" correspondingly) and using the Fourier transform we obtain
The Dyson and Keldysh equations for the full retarded and lesser Green's functions of the structure are
The retarded and lesser self-energy functions are given by
is the coupling strength between the structure and the left (right) lead characterized by its density of states
is the Fermi distribution function. In this study the leads are paramagnetic metals and treated in the wide-band limit, i.e. Γ L(R)σ = const. After substitution (17) into (14) and using the relation
final general expression describing the current can be written as follows
+ is the matrix transmission coefficient;
In further numerical calculations the system will be considered at low temperatures.
Moreover, in this study we will be interested in the behavior of the differential conductance, G = dI L /dV , as a function of the gate voltage, ǫ D (hereinafter we suppose that
, at low bias (so called linear regime). Consequently, expanding f (ω ± eV /2) into the Taylor series and taking into account −df (ω) /dω ≈ δ (ω) we get the LandauerButtiker formula
where G 0 = e 2 /h is the conductance quantum. The total density of states (TDOS) is given by
The retarded Green's function of the QQD structure with the Coulomb interactions
In this section we describe the effects of Coulomb interactions on the transport properties of the QQD structure. In order to achieve this we employ the equation-of-motion technique for the retarded Green's functions,
where z = ω + iδ andĤ has the form (1). Since the 2nd and 3rd QDs are identical in the considered system we denote them by the indexes α and α. The indexes of the 1st and 4th QDs are β and β for the same reason. As a result the equation for a ασ |a + ασ ,
In the above equations, besides the first order Green's functions, which we are interested in, the second order Green's functions n ασ a ασ |a + ασ , n ασ a ασ |a + ασ , n ασ a ασ |a + ασ , n βσ a βσ |a + ασ appear. The equations for them generate third order Green's functions and so on. To receive closed set of equations the decoupling scheme of You and Zheng [42, 43, 53] is used.
This approximation is valid for temperatures higher than the Kondo temperature [54] .
In this truncation procedure the intra-and interdot Coulomb correlations are taken into account beyond the Hartree-Fock approximation while spin-flip processes are neglected.
Finally, we obtain the following equations,
ασ , g
Solving the system (25) and using the notations of [53] we get in non-magnetic case,
iσ a jσ , the following expressions for the matrix elements of
The occupation numbers and correlators are found self-consistently using the kinetic equations in equilibrium:
For the sake of simplicity we will analyze a symmetrical transport situation and use Γ L = Γ R = t in energy units. In this article we consider the strong coupling regime, t = t 1 .
Transport properties of the QQD device without the Coulomb interactions A. Isotropic QQD
We start the analysis with the case when the couplings between the left (right) QD and both QDs in the middle part are the same, t 1 = t 2 = 1 [50] , and temperature close to zero, k B T = 10 −6 t.
The simplest transport situation occurs if all levels have the same energy, ξ 1σ = ξ 2σ = ξ 3σ = ξ 4σ , and t 0 = 0. The function G (ε D ) is depicted at figure 2a. The triple-peak structure (TPS) of the conductance can be easily understood since the system can be treated as the one consists of two arms each composed of three coupled QDs. The corresponding TDOS has maxima at the same positions of ε D . Additionally, the bound state in continuum (BIC) appears at ε D = 0 [48, 49] -the sharp peak with nearly zero width due to iδ term in G r (15) . The position of the BIC depends on t 0 . In particular it shifts toward higher energies when t 0 increases (see TDOS at fig. 2b ). Simultaneously the conductance spectrum doesn't contain corresponding features that is exactly BIC's property. In contrast to [50] we show that there are more than one way to make finite lifetime of this state for such a system. First of them is to realize two nonequivalent transport channels by means of the energy shift ∆, ξ 2σ = ξ 3σ + 2∆ [50] . As a result destructive interference of the electronic waves propagating along these two paths gives rise to the Fano antiresonance [39] in the conductance spectrum and the resonance with finite width in the TDOS at ε D = 0 (see fig. 2c ). If t 0 = 0 the Fano antiresonance transforms to the Fano-Feshbach asymmetrical peak in the conductance spectrum at figure 2d.
B. Anisotropic QQD
Let us consider the transport regime where the couplings between the QDs, t 1 , t 2 , t 0 , are different and t 1 ≫ t 2 , t 0 . Such an anisotropy is more convenient for real systems and the inequality between parameters can be even enhanced by the EPE. Numerical calculations show that the anisotropy is the new mechanism leading to the Fano-Feshbach 
resonance along with the above-described one [50] . The simple explanation of this effect is based on the interpretation of the 2nd and 3rd QDs as an artificial molecule, a dimer [51, 52] . The dimer has bonding and antibonding eigenstates which in general coupled to other part of the system unequally. Then more broadened level is treated as a continuum or nonresonant channel whereas less broadened level plays the role of a discrete level or resonant channel in the original Fano picture [39] . The phase of the wave function in the nonresonant channel changes slightly as the energy passes an interval ∼ Γ, where Γ is the broadening of the discrete level. However, the phase in the resonant channel shifts by ∼ π at the same energy interval. Consequently, the Fano-Feshbach resonant asymmetrical peak appears as a result of constructive and destructive interference at this energy range around the discrete level. Following [51] in the case of ∆ = 0, the coupling with one of the molecular states is absent without the anisotropy, t 1 = t 2 , and there is no the Fano-Feshbach effect (see fig. 2b ). In the opposite case the anisotropy induces the corresponding antiresonance as it is depicted at figure 3b. If ∆ = 0 the coupling with both bonding and antibonding states doesn't equal to zero even though t 1 = t 2 and the Fano-Feshbach resonance occurs (see fig. 2c, d ) [52] . The anisotropy in this case leads to the change of the shape and width of the resonance and its dependence on the sign of ∆ (see red and blue curves at fig. 3c -f for ∆ = ±1 respectively). Specifically, the significant difference is observed at figures 3d where the wide resonance corresponds to ξ 2σ < ξ 3σ and very narrow one to ξ 2σ > ξ 3σ . The symmetry of the Fano-Feshbach resonance position is broken if t 0 = 0. If the temperature is comparable with the spacing between energy levels of the structure, i.e. k B T ∼ ∆, t 2 , t 0 , that the conductance can be calculated as
C. Temperature effects
The temperature influence on the conductance is depicted at figure 4. If k B T ≪ ∆, t 2 , t 0 that the smearing of the conductance, for example, the Fano-Feshbach asymmetrical peak, isn't strong (k B T = 0.01, dotted line). The dependence gradually becomes the Lorentzianlike curve with increasing k B T .
The effects of the Coulomb interactions
A. Isotropic QQD fig. 5a ) and the appearance of the well-defined insulating band between two TPSs where G is close to zero (dash-dot line at fig. 5a ).
It is clearly seen that the band forms without making the energy difference, ∆, which is influenced by external gate fields, and requires lesser quantity of QDs in comparison with [20, 55] . Taking figs.8c,d) . We can clearly see that the big insulating band occurs with small con-ductance peak emerging in the middle. Thus the EPE and gate fields can considerably modify the conductance by the significant suppression of the TPS. 
Conclusion
We have considered the spectral and transport properties of the QQD structure at low temperatures, low bias and the strong coupling regime. The treatment of the problem was based on the nonequilibrium Green's functions and the tight binding approximation. It is found that there are more than one way to observe the Fano effect in the system. First of them has already been mentioned before and consists of making two nonequivalent paths for electron waves by the energy shift ∆ [50] . Additionally we showed that the anisotropy of the kinetic processes in the system, t 1 = t 2 , leads to the Fano-Feshbach asymmetrical peak for t 0 = 0 even though ∆ = 0. The effect is explained in terms of resonant interaction between the bonding and antibonding states in the system. This scenario of the Fano effect seems to be more attractive for experimental observation since it does not need gate field. The anisotropy results in the dependence of the shape and width of the Fano-Feshbach resonance on the sign of ∆ as well.
The problem of the influence of the Coulomb correlations on quantum transport in the QQD device was solved using the equation-of-motion technique for the retarded Green's functions. We applied the decoupling scheme of You and Zheng [42, 43] which allows to take into account the intra-and interdot Coulomb correlations beyond the Hartree-Fock approximation in nonmagnetic case. We demonstrated that the QQD structure has wide region of zero conductance with steep edges separating two TPSs if the intradot Coulomb interactions in each dot are allowed. This effect has been considered earlier for more sophisticated QD-based devices [20, 55] 
